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Abstract. We give explicit formulas of the number of rational points and of the
congruence zeta function for a non-singular complete curve over a finite field defined by an
affine equation y4 = x3 + a.
Introduction
Davenport and Hasse proved a beautiful formula of the congruence zeta function of a
non-singular complete curve over a finite field defined by an affine equation axm+byn = c,
using Jacobi sums. As a consequence the Riemann hypothesis for the congruence zeta
function was verified for their case. Their work ascends back to the argument by Gauss in
Disquitiones Arithmeticae. In the article, we prove the following formula, starting from the
work of Davenport and Hasse.
THEOREM. Let X be the non-singular complete curve over the finite field Fp defined
by the affine equation y4 = x3 + a.
(1) Suppose p ≡ 1 mod 12. There exist unique pairs of integers (A,B) and (C,D)
with
A2 + 3B2 = p , A ≡ 1 mod 3 , B > 0
and
C2 + D2 = p , C ≡ 1 mod 3 , D > 0 .
Put π = A + B√−3 and ρ = C + D√−1, and let χ and η denote the multiplicative
character of Fp defined by α →
(
α
π
)
3
and α →
(
α
ρ
)
4
, respectively. Then we have:
(a1) #X(Fp) = p + 1 − 2A − 4C if χ(a) = 1 and η(a) = 1;
(a2) #X(Fp) = p + 1 − 2A + 4C if χ(a) = 1 and η(a) = −1;
(b1) #X(Fp) = p + 1 + 2A + 4D if χ(a) = 1 and η(a) = i;
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(b2) #X(Fp) = p + 1 + 2A − 4D if χ(a) = 1 and η(a) = −i;
(c1) #X(Fp) = p + 1 + A + 3B + 2C if χ(a) = ω and η(a) = 1;
(c2) #X(Fp) = p + 1 + A + 3B − 2C if χ(a) = ω and η(a) = −1;
(d1) #X(Fp) = p + 1 − A − 3B − 2D if χ(a) = ω and η(a) = i;
(d2) #X(Fp) = p + 1 − A − 3B + 2D if χ(a) = ω and η(a) = −i;
(e1) #X(Fp) = p + 1 + A − 3B + 2C if χ(a) = ω2 and η(a) = 1;
(e2) #X(Fp) = p + 1 + A − 3B − 2C if χ(a) = ω2 and η(a) = −1;
(f1) #X(Fp) = p + 1 − A + 3B − 2D if χ(a) = ω2 and η(a) = i;
(f2) #X(Fp) = p + 1 − A + 3B + 2D if χ(a) = ω2 and η(a) = −i.
(2) Suppose p ≡ 7 mod 12?There exists uniquely a pair of integers (A,B) with
A2 + 3B2 = p , A ≡ 1 mod 3 , B > 0 .
Put π = A + B√−3, and let χ and η denote the multiplicative character of Fp defined by
α →
(
α
π
)
3
and α →
(
α
p
)
, respectively. Then we have:
(a) #X(Fp) = p + 1 − 2A if χ(a) = 1 and η(a) = 1;
(b) #X(Fp) = p + 1 + 2A if χ(a) = 1 and η(a) = −1;
(c) #X(Fp) = p + 1 + A + 3B if χ(a) = ω and η(a) = 1;
(d) #X(Fp) = p + 1 − A − 3B if χ(a) = ω and η(a) = −1;
(e) #X(Fp) = p + 1 + A − 3B if χ(a) = ω2 and η(a) = 1;
(f) #X(Fp) = p + 1 − A + 3B if χ(a) = ω2 and η(a) = −1.
(3) Suppose p ≡ 5 or 11 mod 12?Then we have #X(Fp) = p + 1.
Now we explain the contents of the article.
In the section 1, after recalling the definition of power residue symbols and Jacobi
sums, we mention a result due to Davenport-Hasse [3] on the congruence zeta function of
a non-singular projective curve defined by axm + byn = c over a finite field.
In the section 2, we prove the main theorem. It is not difficult to verify the statement
when p ≡ 1 mod 12, while the section is mostly devoted to the case of p ≡ 1 mod 12.
It is crucial to compare the two formulae
#X(Fq) = q + 1 +
∑
0<i<4
0<j<3
χi
(
c
a
)
ηj
(
c
b
)
J (χi, ηj ) (Davenport-Hasse)
and
#X(Fp) = #E(Fp) +
∑
(α,β)∈F2p
β2=α3+a
(
β
p
)
,
where E denotes the elliptic curve over the finite field Fp defined by y2 = x3 + a. This
enables us to detremine the Jacobi sums J (χi, ηj ).
In the secton 3, we determine the congruence zeta function of the non-singular projec-
tive curve defined by y4 = x3 + a over Fp. The case of p ≡ 1 mod 12 is settled in the
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previous section, while the section is mostly devoted to detrmine the Jacobi sums J (χi, ηj )
over Fp2 when p ≡ 1 mod 12.
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NOTATION. Throughout this article, p denotes a prime number and q a power of p.
Fq: the finite field of order q
F×q : Fq − {0}
X(Fq): the set of Fq -rational points of an algebraic variety X
#S: the cardinal of a finite set S
1. Recall: a result of Davenport-Hasse
In this section, we mention a classical result due to Davenport and Hasse, recalling the
definition of power residue symbols and Jacobi sums.
1.1. Let Fq denote the finite field of order q . A multiplicative character of Fq is
nothing but a homomorphism of multiplicative groups χ : F×q → C×. The trivial character
ε is defined by ε(α) = 1 for all α ∈ F×q . By convention, we set
χ(0) =
{
1 if χ is trivial
0 if χ is non-trivial
.
Then we have
∑
α∈Fq
χ(α) =
{
q if χ is trivial
0 if χ is non-trivial
.
EXAMPLE 1.2. Let n be an integer ≥ 2, and let K be a number field containing all
the n-th roots of unity. Take a prime ideal p of K , not dividing n. For any integer α of K ,
prime to p, there exists uniquely an n-th root of unity
(
α
p
)
n
such that
α
Np−1
n ≡
(
α
p
)
n
mod p ,
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where Np denotes the order of the residue field at p. We call
(
α
p
)
n
the n-th power residue
symbol. Put q = Np. Then α →
(
α
p
)
n
induces a multiplicative character of Fq of order
n.
When n = 2, K = Q and p is a prime number = 2, the power residue symbol is
nothing but the Legendre symbol
(
α
p
)
.
1.3. Let χ and η be multiplicative characters of the finite field Fq . The Jacobi sum
J (χ, η) is defined by
J (χ, η) =
∑
α∈Fq
χ(α)η(1 − α) .
It is well known that
(1) J (χ, η) = J (η, χ);
(2) J (ε, ε) = q;
(3) J (χ, ε) = J (ε, χ) = 0 if χ is non-trivial;
(4) J (χ, χ−1) = −χ(−1) if χ is non-trivial;
(5) |J (χ, η)| = √q if χ , η and χη are non-trivial.
LEMMA 1.4. Let n be an integer ≥ 2, and let K be a number field containing all
the n-th roots of unity. Take a prime ideal p of K and put q = Np. Let χ denote the
multiplicative character of the finite field Fq induced by α →
(
α
p
)
n
. Then we have a
congruence relation
J (χi, χj ) ≡ 0 mod p
if i > 0, j > 0 and i + j < n.
Proof. By the definition, we have
J (χi, χj ) =
∑
α∈Fq
χi(α)χj (1 − α) ≡
∑
α∈Fq
(
α
p
)i
n
(
1 − α
p
)j
n
≡
∑
α∈Fq
α
(q−1)i
n (1 − α) (q−1)jn mod p
Put F(u) = u (q−1)in (1 − u) (q−1)jn ∈ Z[u]. By the assumption, F(u) has degree < q − 1
without constant term. Then we have ∑
α∈Fq
F (α) = 0 .
1.5. We can now mention a result due to Davenport and Hasse. Let p be a prime
number and q a power of p. Let m and n be positive integers dividing q − 1. Let C denote
the non-singular complete curve over Fq defined by the affine equation axm + byn = c
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(a, b, c ∈ F×q ). Take multiplicative characters χ and η of Fq of order m and n respectively.
Then we have
Z(C/Fq, t) =
∏
0<i<m
0<j<n
χiηj =ε
(
1 + χi
(
c
a
)
ηj
(
c
b
)
J (χi, ηj ) t
)/
(1 − t)(1 − qt) .
In particular, we obtain
#C(Fq) = q + 1 +
∑
0<i<m
0<j<n
χiηj =ε
χi
(
c
a
)
ηj
(
c
b
)
J (χi, ηj ) .
EXAMPLE 1.6. Let p be a prime number ≥ 5, and let E denote the elliptic curve
defined by y2 = x3 + a over the finite field Fp. It is known that:
(1) Suppose p ≡ 1 mod 3. Then there exists uniquely a pair of integers (A,B)
such that A2 + 3B2 = p, A ≡ 1 mod 3 and B > 0. Put π = A + B√−3. Let χ and η
denote the multiplicative characters of the finite field Fp induced by α →
(
α
π
)
3
and by
α →
(
α
p
)
, respectively. Moreover put ω = (−1 + √−3)/2. Then we have:
(a) #E(Fp) = p + 1 − 2A if χ(a) = 1 and η(a) = 1;
(b) #E(Fp) = p + 1 + 2A if χ(a) = 1 and η(a) = −1;
(c) #E(Fp) = p + 1 + A + 3B if χ(a) = ω and η(a) = 1;
(d) #E(Fp) = p + 1 − A − 3B if χ(a) = ω and η(a) = −1;
(e) #E(Fp) = p + 1 + A − 3B if χ(a) = ω2 and η(a) = 1;
(f) #E(Fp) = p + 1 − A + 3B if χ(a) = ω2 and η(a) = −1.
(2) Suppose p ≡ 2 mod 3. Then we have #E(Fp) = p + 1.
We give a proof of the statement for the reader’s convenience. By the definition of E,
we have
#E(Fp) = p + 1 +
∑
α∈Fp
(
α3 + a
p
)
.
Suppose p ≡ 2 mod 3. Then we have
∑
α∈Fp
(
α3 + a
p
)
=
∑
α∈Fp
(
α
p
)
= 0
since the map α → α3 + a is bijective over Fp.
Suppose now p ≡ 1 mod 3. Then, by the theorem of Davenport-Hasse, we have
#E(Fp) = p + 1 + χ(a)η(a)J (χ, η) + χ2(a)η(a)J (χ2, η) ,
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and therefore,
∑
α∈Fp
(
α3 + a
p
)
= χ(a)η(a)J (χ, η) + χ2(a)η(a)J (χ2, η) .
In particular, we have
∑
α∈Fp
(
α3 + 1
p
)
= J (χ, η) + J (χ2, η) .
It is easily seen from the definition that the Jacobi sum J (χ, η) is an Eisenstein integer,
that is, J (χ, η) ∈ Z[ω]. We have also
J (χ, η)J (χ, η) = p
as is remarked in 1.3. Moreover we can verify a congruence relation
J (χ, η) ≡ 0 mod π ,
applying Lemma 1.4 to K = Q(ω), p = (π), n = 6, i = 2, j = 3. These imply, together
with the prime factorization theorem for the ring of Eisenstein integers, that
J (χ, η) ∈ {±π,±ωπ,±ω2π} .
Now put
R =
{
α ∈ F×p ;
(
α3 + 1
p
)
= 1
}
, S =
{
α ∈ F×p ;
(
α3 + 1
p
)
= −1
}
,
T =
{
α ∈ F×p ;
(
α3 + 1
p
)
= 0
}
and
r = #R, s = #S, t = #T .
Then we obtain
F
×
p = R ∪ S ∪ T
and
p − 1 = r + s + t .
We have also ∑
α∈Fp
(
α3 + 1
p
)
= 1 +
∑
α∈F×p
(
α3 + 1
p
)
= 1 + r − s ,
and therefore ∑
α∈Fp
(
α3 + 1
p
)
= 2r + t − p + 2 .
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Furthermore the map α → α3 is three-to-one on F×p since p ≡ 1 mod 3. It follows
that r ≡ s ≡ 0 mod 3. On the other hand, we have t = 3, that is, there exists exactly three
elements α ∈ F×p such that α3 + 1 = 0 since χ(−1) = 1. Summing up, we have gotten
∑
α∈Fp
(
α3 + 1
p
)
= 5 − p + 2r ≡ −2 mod 6 ,
which implies
Tr(J (χ, η)) ≡ −2 mod 6 .
Here Tr denotes the trace for the quadratic extension Q(
√−3)/Q.
Note now that
Tr(π) = 2A, Tr(ωπ) = −A − 3B, Tr(ω2π) = −A + 3B ,
which implies
Tr(π) = 2 mod 6, Tr(ωπ) = Tr(ω2π) ≡ −1 mod 6 ,
and
Tr(−π) = −2 mod 6, Tr(−ωπ) = Tr(−ω2π) ≡ 1 mod 6 .
Hence we obtain J (χ, η) = −π , and therefore,
(a) #E(Fp) = p + 1 + Tr(−π) = p + 1 − 2A if χ(a) = 1 and η(a) = 1;
(b) #E(Fp) = p + 1 + Tr(π) = p + 1 + 2A if χ(a) = 1 and η(a) = −1;
(c) #E(Fp) = p + 1 + Tr(−ωπ) = p + 1 + A + 3B if χ(a) = ω and η(a) = 1;
(d) #E(Fp) = p + 1 + Tr(ωπ) = p + 1 − A − 3B if χ(a) = ω and η(a) = −1;
(e) #E(Fp) = p + 1 + Tr(−ω2π) = p + 1 + A − 3B if χ(a) = ω2 and η(a) = 1;
(f) #E(Fp) = p + 1 + Tr(ω2π) = p + 1 − A + 3B if χ(a) = ω2 and η(a) = −1.
REMARK 1.7. Let P(E; t) denote the characteristic polynomial of the Frobenius on
E over Fp. The assertion of Example 1.6 is restated as follows:
(1) Suppose p ≡ 1 mod 6?There exists uniquely a pair of integers (A,B) with
A2 + 3B2 = p, A ≡ 1 mod 3, B > 0 .
Put π = A + B√−3, and let χ and η denote the multiplicative character of Fp defined by
α →
(
α
π
)
3
and α →
(
α
p
)
, respectively. Then we have:
(a) P(E; t) = 1 − 2At + pt2 if χ(a) = 1 and η(a) = 1;
(b) P(E; t) = 1 + 2At + pt2 if χ(a) = 1 and η(a) = −1;
(c) P(E; t) = 1 + (A + 3B)t + pt2 if χ(a) = ω and η(a) = 1;
(d) P(E; t) = 1 − (A + 3B)t + pt2 if χ(a) = ω and η(a) = −1;
(e) P(E; t) = 1 + (A − 3B)t + pt2 if χ(a) = ω2 and η(a) = 1;
(f) P(E; t) = 1 − (A − 3B)t + pt2 if χ(a) = ω2 and η(a) = −1.
(2) Suppose p ≡ 5 mod 6. Then we have P(E; t) = 1 + pt2.
COROLLARY 1.8. Let p be a prime number ≥ 5, and let E denote the elliptic curve
over Fp defined by y2 = x3 + 1. Then we have:
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(1) #E(Fp) ≡ 0 mod 12 if p ≡ 5 mod 12;
(2) #E(Fp) ≡ 6 mod 12 if p ≡ 5 mod 12.
Proof. The result follows immediately from the assertion of Example 1.6 when p ≡
5 mod 6.
Assume now p ≡ 1 mod 6, and take A,B ∈ Z so that A2 + 3B2 = p and A ≡ 1
mod 3. Then we have #E(Fp) = p + 1 − 2A as is shown in Example 1.6. If p ≡ 1
mod 12, then A ≡ 1 mod 6 and B ≡ 0 mod 2, which implies p + 1 − 2A ≡ 0 mod 12.
On the other hand, if p ≡ 7 mod 12, then A ≡ 4 mod 6 and B ≡ 1 mod 2, which
implies p + 1 − 2A ≡ 0 mod 12.
REMARK 1.9. Let p be a prime number ≥ 5, and let E denote the elliptic curve over
Fp defined by y2 = x3 + 1. Then we have #E(Fp2) ≡ 0 mod 12.
Proof. The reslut follows immediately from 1.7 when p ≡ 5 mod 12. If p ≡ 5
mod 12, then we have #E(Fp2) = p2 + 1 + 2p = (p + 1)2 ≡ 0 mod 12.
REMARK 1.10. Let p be a prime number ≥ 5, and let E denote the elliptic curve
over Fp defined by y2 = x3 + a. As is well known, if p ≡ 1 mod 6, the elliptic curve
E is ordinary and the endomorphism ring EndFpE is isomorphic to the ring of Eisenstein
integers Z[ω]. On the other hand, if p ≡ 5 mod 6, the elliptic curve E is supersingular.
2. Proof of the main theorem
2.1. We start to prove the main theorem by the following observation. Let E denote
the elliptic curve over the finite field Fp defined by y2 = x3 + a. Then a double covering
f : X → E is defined by f (x, y) = (x, y2). Moreover we have
#X(Fp) = #E(Fp) +
∑
(α,β)∈F2p
β2=α3+a
(
β
p
)
.
2.2. Proof of (3). The map α → α3 is bijective on F×p since p ≡ 2 mod 3. Hence
we have ∑
(α,β)∈F2p
β2=α3+a
(
β
p
)
=
∑
(α,β)∈F2p
β2=α
(
β
p
)
=
∑
β∈Fp
(
β
p
)
= 0 .
Hence we obtain that #X(Fp) = #E(Fp), and the result follows from Example 1.6 (2).
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2.3. Proof of (2). We have
(−β
p
)
= −
(
β
p
)
for each β ∈ F×p since p ≡ 3
mod 4. Hence we obtain ∑
(α,β)∈F2p
β2=α3+a
(
β
p
)
= 0 .
This implies that #X(Fp) = #E(Fp), and the result follows from Example 1.6 (1).
We present Lemma 2.4 and Corollary 2.5, which are necesary to verify (1) of the main
theorem and to prove the theorem stated in the next section.
LEMMA 2.4. Let p be a prime ideal of Q(e πi6 ). Assume that p is prime to 6, and put
q = Np. Let χ and η denote the multiplicative character of Fq defined by α →
(
α
p
)
3
and
α →
(
α
p
)
4
, respectively. Then we have:
Tr(χ(a)η(a)J (χ, η)) =
∑
(α,β)∈F2q
β2=α3+a
(
β
p
)
2
,
where Tr denotes the trace for the extension Q(e πi6 )/Q.
Proof. Let X denote the non-singular complete curve over Fq defined by y4 = x3 +
a and E the elliptic curve over Fq defined by y2 = x3 + a. Applying the theorem of
Davenport-Hasse to the curves X and E, we obtain
#X(Fq) = q + 1 + χ(a)η2(a)J (χ, η2) + χ2(a)η2(a)J (χ2, η2)
+ χ(a)η(a)J (χ, η) + χ2(a)η(a)J (χ2, η) + χ(a)η3(a)J (χ, η3)
+ χ2(a)η3(a)J (χ2, η3)
and
#E(Fq) = q + 1 + χ(a)η2(a)J (χ, η2) + χ2(a)η2(a)J (χ2, η2) .
It follows that
#X(Fq) = #E(Fq) + Tr(χ(a)η(a)J (χ, η))
since the orbit of χ(a)η(a)J (χ, η) under the action by Gal(Q(e
πi
6 )/Q) is given by
{χ(a)η(a)J (χ, η), χ2(a)η(a)J (χ2, η), χ(a)η3(a)J (χ, η3), χ2(a)η3(a)J (χ2, η3)} .
On the other hand, we have
#X(Fq) = #E(Fq) +
∑
(α,β)∈F2q
β2=α3+a
(
β
p
)
2
.
Hence the result.
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COROLLARY 2.5. Under the notations of 2.4, we have
Tr(J (χ, η)) ≡ −4 mod 12 .
Proof. Put
R =
{
(α, β) ∈ F2q ; β2 = α3 + 1,
(
β
p
)
2
= 1
}
,
S =
{
(α, β) ∈ F2q ; β2 = α3 + 1,
(
β
p
)
2
= −1
}
,
T =
{
(α, β) ∈ F2q ; β2 = α3 + 1,
(
β
p
)
2
= 0
}
and
r = #R, s = #S, t = #T .
Let E1 be the elliptic curve over Fq defined by y2 = x3 + 1. Then we have
E1(Fq) − {∞} = R ∪ S ∪ T
and
#E1(Fq) − 1 = r + s + t ,
where This implies that
∑
(α,β)∈F2q
β2=α3+1
(
β
p
)
2
= r − s = 2r + t − #E1(Fq) + 1 .
Hence we obtain the result from (i) r ≡ 2 mod 6; (ii) t = 3; (iii) #E1(Fq) ≡ 0 mod 12.
To verify (i), note at first that we have a partition
R =
{
(α, β) ∈ (F×q )2 ; β2 = α3 + 1,
(
β
p
)
2
= 1
}
∪ {(0,±1)}
since q ≡ 1 mod 4. Moreover the group µ3 × µ2 acts faithfully on R − {(0,±1)} by
(ζ, θ)(α, β) = (ζα, θβ) since
(−β
p
)
2
=
(
β
p
)
2
for each β ∈ Fq .
It is easy to verify (ii), In fact, there exist exactly three elements α ∈ F×q such that
α3 +1 = 0 since q ≡ 1 mod 6. The assertion (iii) follows from Corollary 1.8 and Remark
1.9.
2.6. Proof of (1). We have a prime factorization
(p) = (π, ρ)(π, ρ¯)(π¯, ρ)(π¯ , ρ¯)
in Q(e
πi
6 ) = Q(√−1,√−3), and it is readily seen that:
(a)
(
α
(π, ρ)
)
3
=
(
α
π
)
3
for any α ∈ Z[ω];
(b)
(
α
(π, ρ)
)
4
=
(
α
ρ
)
4
for any α ∈ Z[√−1].
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Hence, applying the theorem of Davenport-Hasse to the curves X and E over Fp, we obtain
#X(Fp) = #E(Fp) + Tr(χ(a)η(a)J (χ, η))
as in the proof of Lemma 2.4.
In the next paragraph, we shall verify
(#) J (χ, η) = J (χ2, η) = −ρ, J (χ, η3) = J (χ2, η3) = −ρ¯ ,
from which the statement of the theorem is deduced as follows. We have
Tr(ρ) = 4C, Tr(iρ) = −4D, Tr(ωρ) = Tr(ω2ρ) = −2C, Tr(iωρ) = Tr(iω2ρ) = 2D
since ρ = C + D√−1. Hence, using the result mentioned in Example 1.6, we obtain:
(a1) #X(Fp) = #E(Fp) + Tr(−ρ) = p + 1 − 2A − 4C if χ(a) = 1 and η(a) = 1;
(a2) #X(Fp) = #E(Fp) + Tr(ρ) = p + 1 − 2A + 4C if χ(a) = 1 and η(a) = −1;
(b1) #X(Fp) = #E(Fp) + Tr(−iρ) = p + 1 + 2A + 4D if χ(a) = 1 and η(a) = i;
(b2) #X(Fp) = #E(Fp) + Tr(iρ) = p + 1 + 2A − 4D if χ(a) = 1 and η(a) = −i;
(c1) #X(Fp) = #E(Fp) + Tr(−ωρ) = p + 1 + A + 3B + 2C if χ(a) = ω and
η(a) = 1;
(c2) #X(Fp) = #E(Fp) + Tr(ωρ) = p + 1 + A + 3B − 2C if χ(a) = ω and
η(a) = −1;
(d1) #X(Fp) = #E(Fp) + Tr(−iωρ) = p + 1 − A − 3B − 2D if χ(a) = ω and
η(a) = i;
(d2) #X(Fp) = #E(Fp) + Tr(iωρ) = p + 1 − A − 3B + 2D if χ(a) = ω and
η(a) = −i;
(e1) #X(Fp) = #E(Fp) + Tr(−ω2ρ) = p + 1 + A − 3B + 2C if χ(a) = ω2 and
η(a) = 1;
(e2) #X(Fp) = #E(Fp) + Tr(ω2ρ) = p + 1 + A − 3B − 2C if χ(a) = ω2 and
η(a) = −1;
(f1) #X(Fp) = #E(Fp) + Tr(−iω2ρ) = p + 1 − A + 3B − 2D if χ(a) = ω2 and
η(a) = i;
(f2) #X(Fp) = #E(Fp) + Tr(iω2ρ) = p + 1 − A + 3B + 2D if χ(a) = ω2 and
η(a) = −i.
2.7. Proof of (#). By the definition, the Jacobi sum J (χ, η) is an integer in Q(e
πi
6 ).
We have a congruence relation
J (χ, η) ≡ 0 mod (π, ρ) ,
applying Lemma 1.4 to K = Q(e πi6 ), p = (π, ρ), n = 12, i = 4, j = 3. Moreover it holds
that (
α
(π¯ , ρ)
)
3
=
(
α
π¯
)
3
=
(
α
π
)−1
3
for any α ∈ Z. Then we have a congruence relation
J (χ, η) ≡ 0 mod (π¯, ρ) ,
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applying Lemma 1.4 to K = Q(e πi6 ), p = (π¯, ρ), n = 12, i = 8, j = 3. Combining the
two congruence relations, we obtain
J (χ, η) ≡ 0 mod ρ .
Hence we can conclude that
J (χ, η) ∈ {±ρ,±iρ,±ωρ,±ω2ρ,±iωρ,±iω2ρ}
since |J (χ, η)| = √p and |ρ| = √p.
By Corollary 2.5, we have
Tr J (χ, η) ≡ −4 mod 12 .
On the other hand, we have
Tr(ρ) = 4C, Tr(iρ) = −4D, Tr(ωρ) = Tr(ω2ρ) = −2C, Tr(iωρ) = Tr(iω2ρ) = 2D .
Then we obtain
Tr(ρ) ≡ 4 mod 12, Tr(−ρ) ≡ −4 mod 12, Tr(iρ) ≡ Tr(−iρ) ≡ 0 mod 12
since C ≡ 1 mod 3, D ≡ 0 mod 3. We have also, if C ≡ 1 mod 6 and D ≡ 0 mod 6,
Tr(ωρ) = Tr(ω2ρ) ≡ −2 mod 12, Tr(−ωρ) = Tr(−ω2ρ) ≡ 2 mod 12
Tr(iωρ) = Tr(iω2ρ) ≡ Tr(−iωρ) = Tr(−iω2ρ) ≡ 0 mod 12
and, if C ≡ 4 mod 6 and D ≡ 3 mod 6,
Tr(ωρ) = Tr(ω2ρ) ≡ 4 mod 12, Tr(−ωρ) = Tr(−ω2ρ) ≡ −4 mod 12 ,
Tr(iωρ) = Tr(iω2ρ) ≡ Tr(−iωρ) = Tr(−iω2ρ) ≡ 6 mod 12 .
Then we can conclude
J (χ, η) = −ρ
or
J (χ, η) ∈ {−ωρ,−ω2ρ}, C ≡ 4 mod 6, D ≡ 3 mod 6 .
Take now a ∈ Fp so that χ(a) = 1 and
(
a
p
)
= −1, and put
R =
{
(α, β) ∈ F2p ; β2 = α3 + a,
(
β
p
)
= 1
}
,
S =
{
(α, β) ∈ F2p ; β2 = α3 + a,
(
β
p
)
= −1
}
,
T =
{
(α, β) ∈ F2p ; β2 = α3 + a,
(
β
p
)
= 0
}
and
r = #R, s = #S, t = #T .
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Then we obtain ∑
(α,β)∈F2p
β2=α3+a
(
β
p
)
= r − s = 2r + t − #E(Fp) + 1
as in the proof of Corollary 2.5. Here E is the elliptic curve over Fp defined by y2 = x3+a.
We have
R =
{
(α, β) ∈ (F×p )2 ; β2 = α3 + a,
(
β
p
)
= 1
}
since
(
a
p
)
= −1. Hence we obtain r ≡ 0 mod 6 since the group µ3 × µ2 acts faithfully
on R by (ζ, θ)(α, β) = (ζα, θβ). We have also t = 3 since χ(a) = 1.
Moreover we have #E(Fp) = p + 1 + 2A ≡ 4 mod 12 by the statement mentioned
in Example 1.6. Summing up, we obtain
Tr(±iJ (χ, η)) =
∑
(α,β)∈F2p
β2=α3+a
(
β
p
)
= 2r + t − #E(Fp) + 1 ≡ 0 mod 12
by Lemma 2.4. Hence we can exclude the possibility J (χ, η) ∈ {−ωρ,−ω2ρ}, C ≡ 4
mod 6, D ≡ 3 mod 6, because, otherwise we would have Tr(±iJ (χ, η)) ≡ 6 mod 12.
EXAMPLE 2.8. Let p = 13. Then we have (A,B) = (1, 2) and (C,D) = (−2, 3),
and therefore, π = 1 + 2√−3 and ρ = −2 + 3√−1. Note now that we have
72 = 10, 73 = 5, 74 = 9, 75 = 11, 76 = 12, 77 = 6, 78 = 3, 79 = 8, 710 = 4, 711 = 2
in F13. Hence we see that(
1
π
)
3
= 1,
(
7
π
)
3
= ω,
(
10
π
)
3
= ω2,
( 5
π
)
3
= 1,
(
9
π
)
3
= ω,
(
11
π
)
3
= ω2,
(
12
π
)
3
= 1,
(
6
π
)
3
= ω,
(
3
π
)
3
= ω2,
(
8
π
)
3
= 1,
(
4
π
)
3
= ω,
(
2
π
)
3
= ω2
since 74 ≡ 9 ≡ ω mod π . On the other hand, we see that(
1
ρ
)
4
= 1,
(
7
ρ
)
4
= i,
(
10
ρ
)
4
= −1,
(
5
ρ
)
4
= −i,
(
9
ρ
)
4
= 1,
(
11
ρ
)
4
= i,
(
12
ρ
)
4
= −1,
(
6
ρ
)
4
= −i,
(
3
ρ
)
4
= 1,
(
8
ρ
)
4
= i,
(
4
ρ
)
4
= −1,
(
2
ρ
)
4
= −i
since 73 = 5 ≡ i mod ρ. Hence we obtain:
(a1) #X(Fp) = p + 1 − 2A − 4C = 20 if a = 1;
(a2) #X(Fp) = p + 1 − 2A + 4C = 4 if a = 12;
(b1) #X(Fp) = p + 1 + 2A + 4D = 28 if a = 8;
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(b2) #X(Fp) = p + 1 + 2A − 4D = 4 if a = 5;
(c1) #X(Fp) = p + 1 + A + 3B + 2C = 17 if a = 9;
(c2) #X(Fp) = p + 1 + A + 3B − 2C = 25 if a = 4;
(d1) #X(Fp) = p + 1 − A − 3B − 2D = 1 if a = 7;
(d2) #X(Fp) = p + 1 − A − 3B + 2D = 13 if a = 6;
(e1) #X(Fp) = p + 1 + A − 3B + 2C = 5 if a = 3;
(e2) #X(Fp) = p + 1 + A − 3B − 2C = 13 if a = 10;
(f1) #X(Fp) = p + 1 − A + 3B − 2D = 13 if a = 11;
(f2) #X(Fp) = p + 1 − A + 3B + 2D = 25 if a = 2.
REMARK 2.9. In [2], Ch.3.5, the Jacobi sums J (χi, ηj ) are determined in a different
way. We have given here another proof, clarifying a geometric significance of the Jacobi
sums.
3. Congruence zeta functions
THEOREM 3.1. Let X be the non-singular complete curve over the finite field Fp
defined by the affine equation y4 = x3 + a. Put
P(t) = (1 − t)(1 − pt)Z(X/Fp, t) .
(1) Suppose p ≡ 1 mod 12. There exist uniquely pairs of integers (A,B) and
(C,D) with
A2 + 3B2 = p, A ≡ 1 mod 3, B > 0
and
C2 + D2 = p, C ≡ 1 mod 3, D > 0 .
Put π = A + B√−3 and ρ = C + D√−1, and let χ and η denote the multiplicative
character of Fp defined by α →
(
α
π
)
3
and α →
(
α
ρ
)
4
, respectively. Then we have:
(a1) P(t) = (1 − 2At + pt2)(1 − 2Ct + pt2)2 if χ(a) = 1 and η(a) = 1;
(a2) P(t) = (1 − 2At + pt2)(1 + 2Ct + pt2)2 if χ(a) = 1 and η(a) = −1;
(b1) P(t) = (1 + 2At + pt2)(1 + 2Dt + pt2)2 if χ(a) = 1 and η(a) = i;
(b2) P(t) = (1 + 2At + pt2)(1 − 2Dt + pt2)2 if χ(a) = 1 and η(a) = −i;
(c1) P(t) = {1 + (A + 3B)t + pt2}{1 + 2Ct + (−p + 4C2)t2 + 2pCt3 + p2t4} if
χ(a) = ω and η(a) = 1;
(c2) P(t) = {1 + (A + 3B)t + pt2}{1 − 2Ct + (−p + 4C2)t2 − 2pCt3 + p2t4} if
χ(a) = ω and η(a) = −1;
(d1) P(t) = {1 − (A + 3B)t + pt2}{1 − 2Dt + (−p + 4D2)t2 − 2pDt3 + p2t4} if
χ(a) = ω and η(a) = i;
(d2) P(t) = {1 − (A + 3B)t + pt2}{1 + 2Dt + (−p + 4D2)t2 + 2pDt3 + p2t4} if
χ(a) = ω and η(a) = −i;
Counting Points of the Curve 127
(e1) P(t) = {1 + (A − 3B)t + pt2}{1 + 2Ct + (−p + 4C2)t2 + 2pCt3 + p2t4} if
χ(a) = ω2 and η(a) = 1;
(e2) P(t) = {1 + (A − 3B)t + pt2}{1 − 2Ct + (−p + 4C2)t2 − 2pCt3 + p2t4} if
χ(a) = ω2 and η(a) = −1;
(f1) P(t) = {1 − (A − 3B)t + pt2}{1 − 2Dt + (−p + 4C2)t2 − 2pDt3 + p2t4} if
χ(a) = ω2 and η(a) = i;
(f2) P(t) = {1 − (A − 3B)t + pt2}{1 + 2Dt + (−p + 4C2)t2 + 2pDt3 + p2t4} if
χ(a) = ω2 and η(a) = −i.
(2) Suppose p ≡ 5 mod 12. There exists uniquely a pair of integers (C,D) with
C2 + D2 = p, C ≡ 1 mod 6, D ≡ 4 mod 6 .
Then we have:
(a) P(t) = (1 + pt2)(1 + 4CDt2 + p2t4) if
(
a
p
)
= 1;
(b) P(t) = (1 + pt2)(1 − 4CDt2 + p2t4) if
(
a
p
)
= −1.
(3) Suppose p ≡ 7 mod 12?There exists uniquely a pair of integers (A,B) with
A2 + 3B2 = p, A ≡ 1 mod 3, B > 0 .
Put π = A + B√−3, and let χ and η denote the multiplicative character of Fp defined by
α →
(
α
π
)
3
and α →
(
α
p
)
, respectively. Then we have:
(a) P(t) = (1 − 2At + pt2)(1 − pt2)2 if χ(a) = 1 and η(a) = 1;
(b) P(t) = (1 + 2At + pt2)(1 − pt2)2 if χ(a) = 1 and η(a) = −1;
(c) P(t) = {1 + (A + 3B)t + pt2}(1 + pt2 + p2t4) if χ(a) = ω and η(a) = 1;
(d) P(t) = {1 − (A + 3B)t + pt2}(1 + pt2 + p2t4) if χ(a) = ω and η(a) = −1;
(e) P(t) = {1 + (A − 3B)t + pt2}(1 + pt2 + p2t4) if χ(a) = ω2 and η(a) = 1;
(f) P(t) = {1 − (A − 3B)t + pt2}(1 + pt2 + p2t4) if χ(a) = ω2 and η(a) = −1.
(4) Suppose p ≡ 11 mod 12. Then we have P(t) = (1 + pt2)3.
REMARK 3.2. Let k be a field of characteristic = 2, 3. Let X denote the non-
singular complete curve defined by y4 = x3 + a over k, and E the elliptic curve defined by
y2 = x3 + a over k. Let J (X) denote the Jacobian variety of X. Then the double covering
X → E defined by (x, y) → (x, y2) induces a homomorphism of abelian varieties E →
J (X). Put S = Coker[E → J (X)]. Then S is an abelian surface over k, and J (X) is
isogenous to the product E × S.
Assume now k = Fq . Let P(E/k; t) and P(S/k; t) denote the characteristic polyno-
mial of the Frobenius on E and S over k, respectively. Then we have
(1 − t)(1 − qt)Z(X/k; t) = P(E/k; t)P (S/k; t) .
3.3. Proof of (1). By the theorem of Davenport-Hasse, we have
P(t) =
∏
0<i<3
0<j<4
(1 + χi(a)ηj (a)J (χi, ηj ) t) .
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Furthermore we have
J (χ, η) = J (χ2, η) = −(C + D√−1), J (χ, η2) = −(A + B√−3)
and therefore
J (χ2, η3) = J (χ, η3) = −(C − D√−1), J (χ2, η2) = −(A − B√−3)
as is proved in 2.6 and 1.6. Hence we obtain the result, expanding the right hand side in
each case.
3.4. Proof of (3). First note that the prime ideals (π) and (π¯) of Q(√−3) inert
in the extension Q(e
πi
6 )/Q(
√−3), and we have a prime factorization (p) = (π)(π¯) in
Q(e
πi
6 ). Let χ˜ and η denote the multiplicative character of Fp2 defined by α →
(
α
π
)
3
and
α →
(
α
π
)
4
, repsectively.
By the definition, the Jacobi sum J (χ˜, η) is an integer in Q(e
πi
6 ). We have a congru-
ence relation
J (χ˜, η) ≡ 0 mod π ,
applying Lemma 1.4 to K = Q(e πi6 ), p = (π), n = 12, i = 4, j = 3.
Define now σ ∈ Gal(Q(e πi6 )/Q) by σ(e πi6 ) = e 5πi6 . Then the subfield Q(√−1) of
Q(e
πi
6 ) is invariant under the action by σ , and σ(π) = π¯ . It follows that(
α
π¯
)
3
=
(
α
π
)−1
3
,
(
α
π¯
)
4
=
(
α
π
)
4
for any α ∈ Z[√−1]. Hence we have a congruence relation
J (χ˜, η) ≡ 0 mod π¯ ,
applying Lemma 1.4 to K = Q(e πi6 ), p = (π¯), n = 12, i = 8, j = 3.
Combining the two congruence relations, we obtain
J (χ˜, η) ≡ 0 mod p .
Hence we can conclude that
J (χ, η) ∈ {±p,±ip,±ωp,±ω2p,±iωp,±iω2p}
since |J (χ, η)| = p.
By Corollary 2.5, we have
Tr J (χ˜, η) ≡ −4 mod 12 .
On the other hand, we have
Tr(p) = 4p, Tr(−p) = −4p, Tr(ip) = Tr(−ip) = 0 ,
Tr(ωp) = Tr(ω2p) = −p, Tr(−ωp) = Tr(−ω2p) = p ,
Tr(iωp) = Tr(iω2p) = Tr(−iωp) = Tr(−iω2p) = 0 ,
Counting Points of the Curve 129
and therefore,
Tr(p) ≡ 4 mod 12, Tr(−p) ≡ −4 mod 12 ,
Tr(ωp) = Tr(ω2p) ≡ 5 mod 12, Tr(−ωp) = Tr(−ω2p) ≡ −5 mod 12
since p ≡ 7 mod 12. These imply
J (χ˜, η) = J (χ˜2, η) = J (χ˜, η3) = J (χ˜2, η3) = −p .
Let now α1, α2, α3, α4 denote the eigenvalues of the Frobenius on the abelian surface
S = Coker[E → J (X)] over Fp. For any a ∈ Fp, we have η(a) = 1 and χ˜(a) = χ2(a)
since p + 1 ≡ 8 mod 12. Hence, if χ(a) = 1, we have
{α21, α22 , α23 , α24} = {−J (χ˜, η),−J (χ˜2, η),−J (χ˜, η3),−J (χ˜2, η3)} = {p,p, p, p} ,
and therefore
{α1, α2, α3, α4} = {√p,−√p,√p,−√p} .
Hence we obtain
P(S/Fp; t) = (1 − pt2)2 .
On the other hand, if χ(a) = 1, we have
{α21 , α22, α23 , α24} = {−ωJ (χ˜, η),−ω2J (χ˜2, η),−ωJ (χ˜, η3),−ω2J (χ˜2, η3)}
= {ωp,ω2p,ωp,ω2p} ,
and therefore
{α1, α2, α3, α4} = {ω√p,−ω√p,ω2√p,−ω2√p} .
Hence we obtain
P(S/Fp; t) = 1 + pt2 + p2t4 .
3.5. Proof of (4). We have a prime decompostion (p) = qq′ in Q(√3) (q =
q′) since p ≡ 11 mod 12. Moreover the prime ideals q and q′ inert in the extension
Q(e
πi
6 )/Q(
√
3), and we have a prime factorization (p) = qq′ in Q(e πi6 ). Let χ and η
denote the multiplicative character of Fp2 defined by α →
(
α
q
)
3
and α →
(
α
q
)
4
, rep-
sectively.
By the definition, the Jacobi sum J (χ, η) is an integer in Q(e
πi
6 ). We obtain a congru-
ence relation
J (χ, η) ≡ 0 mod q ,
applying Lemma 1.4 to K = Q(e πi6 ), p = q, n = 12, i = 4, j = 3.
Define now σ ∈ Gal(Q(e πi6 )/Q) by σ(e πi6 ) = e 5πi6 . Then the subfield Q(√−1) of
Q(e
πi
6 ) is invariant under the action by σ , and σ(q) = q′. It follows that(
α
q′
)
3
=
(
α
q
)−1
3
,
(
α
q′
)
4
=
(
α
q
)
4
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for any α ∈ Z[√−1]. Hence we obtain a congruence relation
J (χ, η) ≡ 0 mod q′ ,
applying Lemma 1.4 to K = Q(e πi6 ), p = q′, n = 12, i = 8, j = 3.
Combining the two congruence relations, we obtain
J (χ, η) ≡ 0 mod p .
Hence we can conclude that
J (χ, η) ∈ {±p,±ip,±ωp,±ω2p,±iωp,±iω2p}
since |J (χ, η)| = p.
By Corollary 2.5, we have
Tr J (χ, η) ≡ −4 mod 12 .
On the other hand, we have
Tr(p) = 4p, Tr(−p) = −4p, Tr(ip) = Tr(−ip) = 0 ,
Tr(ωp) = Tr(ω2p) = −p, Tr(−ωp) = Tr(−ω2p) = p ,
Tr(iωp) = Tr(iω2p) = Tr(−iωp) = Tr(−iω2p) = 0 ,
and therefore,
Tr(p) ≡ −4 mod 12, Tr(p) ≡ 4 mod 12 ,
Tr(ωp) = Tr(ω2p) ≡ 2 mod 12, Tr(−ωp) = Tr(−ω2p) ≡ −2 mod 12
since p ≡ 11 mod 12. These imply
J (χ, η) = J (χ2, η) = J (χ, η3) = J (χ2, η3) = p .
Let α1, α2, α3, α4 be as above. For any a ∈ Fp, we have η(a) = 1 and χ(a) = 1 since
p + 1 ≡ 0 mod 12. Hence, we have
{α21, α22 , α23 , α24} = {−J (χ, η),−J (χ2, η),−J (χ, η3),−J (χ2, η3)}
= {−p,−p,−p,−p} ,
and therefore
{α1, α2, α3, α4} = {i√p,−i√p, i√p,−i√p} .
Hence we obtain
P(S/Fp; t) = (1 + pt2)2 .
3.6. Proof of (2). First note that the prime ideals (ρ) and (ρ¯) of Q(√−1) inert
in the extension Q(e
πi
6 )/Q(
√−1), and we have a prime factorization (p) = (ρ)(ρ¯) in
Q(e
πi
6 ). Let χ and η denote the multiplicative character of Fp2 defined by α →
(
α
ρ
)
3
and
α →
(
α
ρ
)
4
, repsectively.
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By the definition, the Jacobi sum J (χ, η) is an integer in Q(e
πi
6 ). We obtain a congru-
ence relation
J (χ, η) ≡ 0 mod ρ ,
applying Lemma 1.4 to K = Q(e πi6 ) and n = 12, i = 4, j = 3.
In the next paragraph we shall show
(#) J (χ, η) ≡ 0 mod ρ2 .
Admitting (#), we verify the assertion. We can conclude that
J (χ, η) ∈ {±ρ2,±iρ2,±ωρ2,±ω2ρ2,±iωρ2,±iω2ρ2}
since |J (χ, η)| = |ρ2| = p.
By Corollary 2.5, we have
Tr(J (χ, η)) ≡ −4 mod 12 .
On the other hand, we have
Tr(ρ2) = 4(C2 − D2), Tr(iρ2) = −8CD, Tr(ω2ρ2) = Tr(ωρ2) = −2(C2 − D2) ,
Tr(−ρ2) = −4(C2−D2), Tr(−iρ2) = 8CD, Tr(−ω2ρ2) = Tr(−ωρ2) = 2(C2−D2) ,
Tr(iω2ρ2) = Tr(iωρ2) = 4CD, Tr(−iω2ρ2) = Tr(−iωρ2) = −4CD .
Then we obtain
Tr(ρ2) ≡ 0 mod 12, Tr(iρ2) ≡ 4 mod 12, Tr(ω2ρ2) = Tr(ωρ2) ≡ 6 mod 12 ,
Tr(−ρ2) ≡ 0 mod 12, Tr(−iρ2) ≡ −4 mod 12, Tr(−ω2ρ2) = Tr(−ωρ2) ≡ 6 mod 6 ,
Tr(iω2ρ2) = Tr(iωρ2) ≡ 4 mod 12, Tr(−iω2ρ2) = Tr(−iωρ2) ≡ −4 mod 12
since C ≡ 1 mod 6 and D ≡ 4 mod 6.
Now let α1, α2, α3, α4 as be avobe. Then we have
α1 + α2 + α3 + α4 = 0
since #X(Fp) = #E(Fp) = p + 1 as is shown in Example 1.6 and 2.2. Hence we have
{α1, α2, α3, α4} = {α = α1, α¯,−α,−α¯} ,
and therefore,
{α21, α22, α23 , α24} = {α2, α¯2, α2, α¯2} .
Hence we can exclude the possibility J (χ, η) ∈ {−iω2ρ2,−iωρ2}. Then we have gotten
J (χ, η) = J (χ2, η) = −iρ2, J (χ, η3) = J (χ2, η3) = iρ¯2 .
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For any a ∈ Fp, we have η(a) =
(
a
p
)
and χ(a) = 1 since p + 1 ≡ 6 mod 12.
Hence, if
(
a
p
)
= 1, we have
{α21, α22 , α23 , α24} = {−J (χ, η),−J (χ2, η),−J (χ, η3),−J (χ2, η3)}
= {iρ2, iρ2,−iρ¯2,−iρ¯2} ,
and therefore
{α1, α2, α3, α4} = {e πi4 (C + Di),−e πi4 (C + Di), e− πi4 (C − Di),−e− πi4 (C − Di)} .
Hence we obtain
P(S/Fp; t) = 1 + 4CDt2 + p2t4 .
On the other hand, if
(
a
p
)
= −1, we have
{α21, α22 , α23 , α24} = {J (χ, η), J (χ2, η), J (χ, η3), J (χ2, η3)} = {−iρ2,−iρ2, iρ¯2, iρ¯2} ,
and therefore
{α1, α2, α3, α4} = {e− πi4 (C + Di),−e− πi4 (C + Di), e πi4 (C − Di),−e πi4 (C − Di)} .
Hence we obtain
P(S/Fp; t) = 1 − 4CDt2 + p2t4 .
3.7. Proof of (#). We have J (χ, η) ≡ 0 mod ρ2 or J (χ, η) ≡ 0 mod p since
J (χ, η)J (χ2, η3) = p2 and J (χ, η) ≡ 0 mod ρ.
Assume that we have J (χ, η) ≡ 0 mod p. Then we have
J (χ, η) = J (χ2, η) = J (χ, η3) = J (χ2, η3) = p ,
repeating the argument in 3.5. Take a ∈ Fp2 so that χ(a) = ω and η(a) = 1. Then we
have
Tr(ωJ (χ, η)) = Tr(ωp) = −2p ≡ 2 mod 12 .(∗)
Put now
R =
{
(α, β) ∈ F2
p2 ; β2 = α3 + a,
(
β
ρ
)
2
= 1
}
,
S =
{
(α, β) ∈ F2
p2 ; β2 = α3 + a,
(
β
ρ
)
2
= −1
}
,
T =
{
(α, β) ∈ F2
p2 ; β2 = α3 + a,
(
β
ρ
)
2
= 0
}
and
r = #R, s = #S, t = #T .
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Then we obtain ∑
(α,β)∈F2
p2
β2=α3+a
(
a
ρ
)
2
= r − s = 2r + t − #E(Fp2) + 1 .
as in the proof of Lemma 2.4.
Note now there exists c ∈ Fp2 such that c4 = a since η(a) = 1. Then we have a
partition
R =
{
(α, β) ∈ (F×
p2
)2 ; β2 = α3 + a,
(
β
ρ
)
2
= 1
}
∪ {(0,±c2)} ,
and therefore, we have r ≡ 2 mod 6 since the group µ3 × µ2 acts faithfully on R −
{(0,±c2)} by (ζ, θ)(α, β) = (ζα, θβ). We have also t = 0 since χ(a) = 1.
Moreover we have #E(Fp2) = p2 + 1 + ωp + ω2p = p2 − p + 1 ≡ −3 mod 12.
Summing up, we obtain
∑
(α,β)∈F2
p2
β2=α3+a
(
a
ρ
)
2
= 2r + t − #E(Fp) + 1 ≡ 8 mod 12 .
This contradicts to (∗) since
∑
(α,β)∈F2
p2
β2=α3+a
(
a
ρ
)
2
= Tr(ωJ (χ, η)) .
REMARK 3.8. Let p a prime number ≥ 5. Let X denote the non-singular complete
curve defined by y4 = x3 + 1 over Fp, and E the elliptic curve defined by y2 = x3 + 1
over Fp. Put S = Coker[E → J (X)].
If p ≡ 1 mod 12, then S is isogenous to the self-product of an ordinary elliptic curve
with complex multiplication by Q(
√−1) over Fp.
If p ≡ 5 mod 12, then S is isogenous to the self-product of an ordinary elliptic curve
with complex multiplication by Q(
√−1) over Fp2 . However S is simple over Fp.
If p ≡ 7 mod 12, then S is isogenous to the self-product of a supersingular elliptic
curve over Fp2 . However S is simple over Fp.
If p ≡ 11 mod 12, then S is isogenous to the self-product of a supersingular elliptic
curve over Fp.
REMARK 3.9. We will get a clearer view from a ropeway, referring to Stickel-
berger’s theorem and to results on the isogeny decomposition of the Jacobian variety of
a Fermat curve ([1], [4]). However we have chosen a more elementary method in this
article, climbing step by step.
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